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My grades for A2

Q1 135/15

Problem 1. (parts (i), (i), and (iii); part (o) is not for grading)

AssSIqNMENT 2

L) Greatest Lower Bound

Let S € R. Then S s called the greatest lower bound of S if

1. Bis a lower bound of S.

2. Bis the largest such lower bound. That is, if y < x for every x € S, theny <.

We write
B =glb(S).

Note: The greatest lower bound is often called the infimum of S and is denoted by

inf(S).

Hee p=0, S:{%ineNJ

E
£X

Sime w0, we can wmoltiply  both Sides of
Wis  inequalty witn w and it will ol hid

< 0«lI
2. We will fake e cov\’tmvugih‘ve. md prove it
‘bﬂ cowtryodickipn.

2.
Contraprsifive ¢

Y50 2 3seS: fis —

https://app.crowdmark.com/score/249046d2-6aa6-4c58-ac44-383cbe 1 b3fc9?print=true

1/22



10/21/23, 1:09 PM

Crowdmark

SFAC eSS p<s
TeRe 1L eR
T
By Archimideon ?ro?er\y AveN : V\>_g_.

> '3\_<T\ Same fning hes bam gives below of
Acthimidean Ropaty IL (v How)

Which forms @ cnfradiction . 3 s¢ S ¥<s
Je Mf S=0
“/) Show that for € > 0, there exists n. € N such that n. — 1 <& < n..

The swmallest  valye oj Ve eMN =1
smoliest  valve of  WMe-| , wgeM =0

N >0 3 wgeN wg-1<E€

~ triwal  sivce  lover  bowed

a,} ng-\ is O
I e s an Notural Nuwber | we can take
We =€
Since ng -1 < ng

Mg -1 <edwng s o\ov(oox\b Yrve,
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By te  Archwidean Foprty,
geR s An,eMN : g<we

Atk S=veeMN: ne>el

Siice  SeN , S wust be wel ovdeved
Lt dne  smollet clement o S bk %
D S -1K¢g

it owt Sl K& Tais foms A comtyadickion
(so= 1 s tivel ad ps been  poed  cbwe)

SN %0 aneMN i ng-igegne

u}u) Prove that for any real numbers  and y with < y, there exists a rational number
r € @ such that z <r <y.

we com assume 4 O
L fi— x40  there ave 2 possibilibes

Y20, Hwen v=0 s a thyal  Solvtion

Y £0 , Aen  we  cm wukiply all  sides o e
iv\@quo‘liﬁ\j b:, L, ad we  ger
-j(-u-m wheye —%,—3,-V‘>O
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We can toke wnew Xy = Y Yt - X, rp=-r
Ko < Vo (3,
Showing 3 Yo e @ poves  3reQ A<rey

4>0 2 v >0
we Cowm wik ¢ ag Q& wwe a,belN
b

1< %(3
since X<y, Let y=xre £>0

1< %<3 3 bx<a< b(x+e)
baka s arbitvory  becase of  fne Avclimideav  froperty
I beN: phe>2 & by2

£

Dve 4o fe Arcuiwmidean Pm?ey@, we know  there
exiss & b Hhar  sfies i,

bx<a< bx+2

We kngw thae eaiss av  a= Lbx]t]
at Sa’n’ri(@ His.

incomplete
-1.5
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Problem 2. (parts (i) and (ii))
() Let {a,} be a bounded sequence of real numbers and let s = sup{a, : n € N}. Show

that if s ¢ {a, : n € N} then there is a subsequence of {a,} that converges to s.

lox B be o subsequenct of lany such Hhat

BrErlag ke NS ag > Ry VW elN sk ngk | this setis not
properly de-

B isat emy-fj o, \ouw\gs o v Chwvial) fined/doesn't
make sense
-2

B s ifuie. We cam pow Wi uig  comadil

I B s fure, leb ks lamest coment be bo
boE{Qm?V\ €|N) (Hriviol ~ swnce s a sﬂsaqmu}
OB s fwr 3 AanwmelN st aarbo
This  would.  wean  sup T0uY =by, but Wt condmdicts
sefany. - B finite.
B s ovm decreasing (\Yivfa\ Mo Wy elament by dejiy\:hw 5>
lar gor thon  the clements befﬁl it
:u B:j MCT_

® convenpes fo sq?(?ﬂ =S
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S\Ap{?ﬁ =S (‘fvivml sce B epoendinlly  contains  all 100309
demants W} Ga v et pine

®) Toke sequnce  -2,0,%,2/0,-3 ...

whee  ae=-2 o on=l wd 3)
G: 0 i wzd Cwed 9)
0w =3 i Wz 0 (wod 2)

Tve Subsequencto B, ™ wd T s deined
be\ow converge o -2,0,3 veoredm|9

’& = {azkﬂ : Kém}
M= Ly, - KEN)
? - {.Q3K ’KGNI’
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Problem 3. (parts (i), (ii) and (iii))

.

L) Show that every contractive sequence is a Cauchy sequence. (and hence, convergent)

Cauchy Sequence

We say that a sequence {a,} is Cauchy if for every € > 0, there exists some N € N
such thatif m, n > N, then |a, — a,| < €.

\amg' avm ‘< C \Qv\ﬂ' Qu \S Cz\avt - qv.-\\\<

WLOG L wowm

1Qn - Am ] = ,qn'am-\'av._. S Quy o Ay~ Q)

bg A g

[Qn - Qw1 € V= Qud + 100 = Qna) + o ) Qs - Q)
n-2 wa =i

€ Cla,-al + ¢ 1a-@,)+ -~ C lay-a,l

" (_\;L_)laz'arl

7\

C“"( _|) |a,-a,l (Since 0<C <))
I-C

lek P be a constar = 195-0.]
I-C
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=p: &

S ¢ 0 Chua

N gy 3 wmeN: g-cw'"u (Hake N > log, £ +1)

w5 N

Everﬂ cotockive  seq. = Cavdny.

W) Let fi=fa=1 and fo = fa1+ fa_2, n > 3 be the Fibonacci sequence. The first few

Siuce

Crowdmark

terms of the sequence are {1,1,2,3,5,8,13,21,... }. Now define

an

" fart

Show that {a,} satisfies the recursive relation a; = 1 and a, = o for all n > 2,
and then prove that § < a, < 1.
We il prove s vlation wing induction.
baSQ, Case a|=\/\ﬁ = L o=l - Q|=£L
h [ 1,
LQ:\' qk = _iK
e
Qgxy = | = | A ‘ru ES _J\.k.u_
I+ ax I+ ;%I e+ fen Fees

B\j Tnduction Ay = fu
'G)M'l
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To rove Wot lgang

2
Oy=l ( G,z L (Base  Cose)
2
T LlLag
2
Oke; = \ Smee L Lok g
I+ Qg
> %\(C\KTISZ
-%_—S Ok &I
> '7E‘< i . &

Hece by Tudvction é\<an\<\ N welN

m) Show that {a,} is contractive, and find all possible values of L such that a, — L.

Q- - Qm

| Gne - Qal = ! _ \:
|+ Qn I+ Qu-

= 1Qn-Gu |
(1+an)(1+8ua)
Sice O400) , (14Qua) DO aud V-% )= Ix)

Qn , Qua ¥ L
2
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B o PO Y I G 1 PRl YW B [ R W
(1+aw)(1+0u+) 3 .2 q
2 2

.'. lavg+|‘Qw|\< at‘aw‘au-.‘

M oay =Lo= Ak L 1
N~oo
oS I+ Gu-y I"'i* Qu.y
= 1
L

L= 0 5 Usrl-t 3%00-0
I+

L = __u:_AE- e Pusiﬂolg Solvtions  bug

2
mL a discond '\_;_LE Siuce
ARe aw <) Good work
2 - 1N 15
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Problem 4. (parts (i), (i) and (iii))

4.

{) Prove that the sequences {s,} and {t,} converge where s, = sup{w) : k > n} and
tn = inf{z) : k> n}.

Fistly well pove {SaY s won-increasng by  contvadiction
SFAC I wmkeWN: m<k N S < S

3 Sey b lym N Sepr o lyk (LeN)
Note Sw 2 % P Llom ™ wmdk 3 Smy Xy Lyk

S Swmois an upper bowd of Ak ik%nd bwe since
Sk= suplki:kznd A Sw<St we get a4 contradicion

v/

e LSy is Now- inCYeasing
nflray=I= 4 and  sup {xuy= S= s,
T<S0 &S, N we™N ( Wivia  sivce sup {swy=8-5 )
amd T<%n YneN
Since S, is  bounded and Wou - lncreosing , b3 mcT

{SnY comverges o inf LSnd

Note: Now et we have ?yovdd twar ASuy converges
we  @a simloy  prove the some ’S"’ $4nY by wegating
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all %n  and S\I\Wil\g oo same  ov MNowing -hné/
il & nor-deveasng  ad bowwded by T2t tngS
SoBy MCT ik cnvevges do o swp ).

< n,2
W) Find limsup and liminf of the sequence a,, = 3(=1)"n"

n2—n+1°

For Q- :,L_\)“V.Z‘ An¢0  when w is odd awd
Wt | >0  when w s ewn

Taeve  is a\wan s onoter bX 94w n ar happens o
be  odd [een. Swce all Gy whee w s e
are bl a%er than al Ay where w s odd.

S Sa oAy if K i odd
th + Ok i K s even
Ak gtf{akr kymy = inf 480y

W00

Since §SnY commt e an odd ,we can wnte i+ as
ke splage: k%% wkeMy
-0

we  con  see  thar 8uY g decrensing .

L sup lag kymy - Ak _3-n* Note 1))
N V\Z‘ n + ) (’l} w s euen

https://app.crowdmark.com/score/249046d2-6aa6-4c58-ac44-383cbe 1 b3fc9?print=true

12/22



10/21/23, 1:09 PM Crowdmark

We can  See Wax  this Couver ges to 3

(ivial)
Sivmi\m\j Wwe  Cam  Sow  tusk
Aeuplackynd = e 23wt - -3
ik vt-n+ | Carivid )

ch«Af =5, M3
N0 n=eo \/

Move 5¢wzvawa
Ak Y amdk Ak - Qg ywal
v\-,aw'f a2l V\-»:\A’t lL'lJ_\
i Y
owen  tums  aw odd  toms om
(v ) decroniny - Sup = On for inreashg s Au for
swallest  evew  u Criviel)  smallesk  odd w

IM.) Show that if {a,} and {b,} are bounded sequences, then
limsup(a, +b,) < limsupa, + limsupb,,.

Give an example in which two sides are not equal.
Aok ﬂA,w\SwP Qn = Kn , LQM.MPW = PV\
BD dﬁj'\‘ﬂi'\'{w oL >/ 0‘K| A Ev\ > bkl N kl Zn

k,2wn
9 At b, %+ Puy
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dk sup (Qn+b,) = Lesup Lacebg, kyn)

A +b, s a cae °]L Ag, *bp, whee k =k,

SOkt oS %n By S A*WP Can+ bu) < Aksup o +dtayy b

The  equelity o e o sidey bt Wld e ove

seq. s (V‘vajr\D and  the othey is  decreesig,

F ey iaﬁ G YuelN Y and {baz—4 ¥neNY
dan+bn =0 ¥uelNy VL‘ES'{APCOW\'*LM):O

Buwr Meosup O = g, »U:suf)‘:u_:o

N

Trelr  Sum s dmw‘}, Iniorrectexample -

Cowless W — oo)
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Problem 5. (parts (i), (ii) and (iii))

5

o
L) Prove that if the series - a, converges, then lim a, = 0.
n= neree we GOAL CaL Lskok (-

- K s, jwb tat b eeishs
2 0n  convevges .- >a,=38

ges o A 30,

z

n:ua“ - vélaw « Ok \/

&é‘av\: S - A}:Z"(Q\A*‘:{K) > 8=5+ ﬁmah

Koo N—ree Nzl

e a, =0

Moo

L) Determine whether the series 3° cos(mn) converges or diverges. If it converges, find the
n=1

limit, if not, justify your answer.

| juwmem w0 evam
cos (i)
-\ whem v s odd

('\)“ Was e sawme ?iweuo(se definition ;Dy
ne N

do it ve prove Z(‘DV\ diveages fhat  implies
Hat ‘“Z'cosC‘WV\) also  diverges. %

é ws (1n) = %_I('\)“ = Sw
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Whem w s odd,
pIY] 13 K

nzl =\

=-|+O=-)
Whewn no1s  2ien

2 n w |4
PASSRE ,\Z_.H)*Z..U):O

w=\

@) (% K s eveh

S¢=
| [{- K (s odd

o

LolSkY dwege — é(—l) divugeo— & cos (mm)  diverges

Let r € R be such that |r| < 1. The series 3 r" is called the geometric series.
ui) 2
Prove that S, = ‘][“,“. conclude that 3 7" converges and find the sum of the geo-
metric series. -
[ K X
- " welo_
S22 Skev = Zy"'= Z
nw=0 n=o il
K+l *
W
Sk - Sk o= 2"
n=\ n:o

I

5 Sk 2Moi o Q= ¥

r-l - l-v
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We can show that V<V mplies ot {Sv\g is
cotyackive = Covdy — Conver ges
k)

K
w W kt)
- - ro- - = . pk
SK*\ S( - ,\2;0 ,,Z;OY\ = W i
|5 |3
Se-Sy, ¢ Er-Ex e
=0 wop

S Sen-Se = (Sk-Ska)
To«k(vxb abs vale on otk  sides
ISen = Sel = Ir (Sp- Sel= el se- s
Since -I<rL) T |w|>0 ¥nr
9 o< \rlidl

Ak C= el USgey - S| & CISe- Sl

oo ASWY s contrackive — Cmvwa sy Como\ger

From () nis  wples e r7=0 , dk v"''=0
Ao

W —co

w-l
de Sy = Ak \—vm”; \—&U;v‘ - 1-0
N N —a -
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Perfect

. sl 1
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Problem 3. (parts (i) and (i)

2
. o a?atl
\,) l‘f’l Z+1

Firsk w4y o ug @ 1

YA
we ge,+ L=lel o L. S s fwdisn s continups of
(+1 Kol b sveud ko L

wWe  will  conbirm  usiv e £-8  dekinition
3

/M,m.u 1
Givn €50 - PT 2 §>0 . 0d&-1I<§ 9 1fm-Li<e
\

|F90 -] - l_xflTﬂ ‘L t ac+|)2“—l l

el || 2

lt's  toke § = J_=; O<x< ) 3

1 e
z

> 14x1<2 s Loy

x+t)
3 -3< %|<_~
2 -1 < ==+ 2 <
(9(1'\)
K ‘ C'X-H)\ <
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< x=l)e 1= -

v/

ol - 3 = x| |2 2
(x+1)

For 1x-1l<e | 8= win(L, €)
foLla-l<S |, Anen
L) -4 < 1x-1l < ¢
T 1

for $<e
Tor SS',L_

Hence Ak Xrxal - L
2,

xX=\ x+|
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i) limsin (%)

{fo) = Sin (,;.1)

We  will prove lwit  does wok  exist b\‘j seq, dhars devicchio

o} KMwits
We obsave thar Y nelN, siv\(ll)r 21w\)=l

amd Gw (él - 2T£V\)=-l
2

Xn = S ) 3\« . _~\~
sa(L) =0 ¥ R, s(_g_X\ ¥ yn

As w— o | X, ;Yo — o} Ctvivial)

However as foxn) =1, flgu)=-) ¥nelN
we gex flHa) — 1 o flyp)— -1

Tws s Wﬁeﬁu\-\' Fo  show Hhat .f.Cfx) divers en

Xﬁ); ‘Sim(_ol(_Z) M\/
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