
 

ASSIGNMENT 2

1
i

Here P O S time IN

1 O K S H SES

Off they
trivial

Since n O we can multiply both sides of
this inequality with n and it will still hold

OKI

2 We will take the contrapositive and prove it

by contradiction

270 I se S pls
contrapositive of 2



SFAC SES pas

VER IER
By Archimidean Property InelN n I

Same thing hasbeen given below
asIN Archimedean Property I in H

which forms a contradiction I SES rss

inf 5 0

ii
The smallest value of ne EIN 1

smallest value of ne l neem 0

V e 0 I hee IN ne IE E

trivial since lower bound

of he 1 is 0

If E is an Natural Number we can take

ne E

Since ne th ne

ne I Leche is obviously true



By the Archimidean Property

E EIR I nee IN E he

Let S ne EIN he e

Since SEN S must be well ordered

Let the smallest element of S be so

So ICE

if not so 1 E This forms a contradiction

so 1 is trivial and has been proved above

H e 0 I need ne Ites ne

iii

we can assume x O

if xko there are 2 possibilities

y 0 then n O is a trivial solution

y KO then we can multiply all sides of the

inequality by 1 and we get

ye na where X y n O



We can take new Xo y yo X ro r

Xo ro yo
Showing J ro e Q proves JreQ Xerly

x o r o

we can write r as q where a beIN

Xs Ly

since xly Let y Xt e E o

XC Gly basal blate

beta is arbitrary because of the Archimedean Property

I beIN b e 72 b of
Due to the Archimidean Property we know there

exists a b that satisfies this

bxcalbxt2

We know there exists an a Lb x t 1

that satisfies this



2
is

Let B be a subsequence of an such that

1B Ak KEN St Ak An then sit Uk

B isn't empty a belongs to it trivial

IB is infinite we can prove this using contradiction

If 1B is finite let its largest element be bo

bo c an h EIN trivial since it's a subsequence

If 1B is finite Ian new set an Do

This would mean sup any bo but that contradicts

se fan B is infinite

B is non decreasing trivial the nth element by definition is

larger than the elements before it

3 By MCT

IB converges to sup BY as



sup BY s trivial since B essentially contains all largest
elements of an opto that point

ii Take sequence 2,013,210 3

where an 2 if n 1 mod 3

an O if n 2 mod 3

an 3 if NEO mod 3

The subsequences B M and P as defined
below converge to 2 0,3 respectively

1B Aske KEN

M Aske KENT

IP ask KEN
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i

lanta Ant If C lane an If Clan an ill

WLOG Let n m

Ian Am I an an tan an z Amt am 1

By 4 ineq

Ian Am I f tan an it t lany an at t I am Aml

K C Taz all c Yaz a t Yaz a I

C É laz all

f c f la all since occki

Let p be a constant 19291
l C



p Cm
1

Since my Cm 0 trivial since Occ I

V e o I me IN p.CM E take N log 1
m N

i Every contractive seq is Cauchy

ii

We will prove this relation using induction

Base case a I 4 1 ai

Let Ak ft
fat

9kt
4ft fifty fitz

By Induction an fa
fut



To prove that Is and I

91 1 92 12 Base case

if Kakf I

Aktl Hi
since I fak fl

32k 9kt K2
Kartik

Itt af 43
Hence by Induction flank then

iii

lane ant Intan fan.lt Itifatl
IfaiEan

Since Cltan Itani O and I X1 1 1

an an 17 I



gaggles lan ant glan an.it
32 32

i lane auld flan an it

ay an L nett fan Ifan i

L I
5 2 1 EL 1 0

L III are possible solutions but

me can discard It since

IS an fl
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Firstly we'll prove Sn is non increasing by contradiction

SFAC I m KEN MLK Sm Sk

Sm Xo 7m Sk Xc 17K LEIN

Note Sm Xi 7m MLK Sm Xc 17k

8 Sm is an upper bound of Xk kzn but since

Sk sup Xk kzn Sm Sk we get a contradiction

in Snl is non increasing

infamy I t and sup xny s

If Suss t ne N trivial since sup Sn 5 5

and If Xn them
since Sn is bounded and non increasing by MCT

Sn converges to inf Su

Note Now that we have proved that su converges

we can similarly prove the same for Itn by negating



all Xn and showing the same or showing that

thy is non decreasing and bounded by I tithes
i By MCT it converges to sup tu

ii

For an jiff and when n is odd and
an O when n is even

There is always another bigger n that happens to

be odd even Since all an where n is even

are bigger than all an where n is odd

Sn Ak if K is odd

tu ak if K is even

aft sup ak Kzn inf Sn

Since say cannot be an odd we can write it as

att sup 92k k 72 n Kelly

we can see that In is decreasing

o ut supLak k ny he off
Note 1

if n is even



We can see that this converges to 3

trivial

Similarly we can show that

aft inflak k n Lt 3
m

trivial

ht sup 3 I if 3
neo

More generally

Lt sup ALL and ht if 924n a n x

d N
even terms an odd terms an

trivia decreasing sup an for increasing inf an for
smallest even h trivia smallest odd n

iii

Let lim sup an an limsupbu Bn

By definition an Zak Bu big t k 7h
K 23h

Ak black du Bn



Lt sup Can bn Lt sup aktbk kin

Akt by is a case of 9k biz where ki ka

i Antbird du Bu htsupCant bn Khtsupanthesupbu

The equality of the two sides doesn't hold when one

sea is increasing and the other is decreasing

For eg an th then and but t then

Lant bn 0 then Lt supCantbu 0

But Lt sup an Ax Lt supbu 0
ns x

Their sum is always greater then 0 trivia
unless n o
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it
is just that it exists

an converges y Ian
we don'tcare what it

Éan Élan Ak

att an S ft Ilan an S St hitman

Egan O

ii

cos tin
when n is even

I when n is odd

I has the same piecewise definition for
MEIN

o if we prove 1 diverges that implies
n l

that I Costin also diverges

É costin Ect Sh



When n is odd

É c l 1 1 E c 1 Eci
1 0 1

When n is even

i is EC 1 411 O

Su
o it k is even

I if K is odd

SKY diverges ITC 1 diverges 1 cos tin diverges

iii

Sk For Sk n Ion't Etr
Sk r Sk Eir for Sk r 1 r no

Sk III
kt



We can show that r Ill implies that Sn is
contractive Cauchy converges

Skt Sk Ifr Ign pkt p pk

Sk Sk Ep Ign rk

Skt Sk r Sk Sky

Taking abs value on both sides

I see Skl Ir Sk Sk i Irl Sk Sky

Since ten I In 170 An

OL trill

Let C Irl 15kt Sk KC Sk Sky

1 Sub is contractive Cavey Converges

From Ci this implies ng r O It n't o

ng Sn ng Int lyin



z S
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i

First we'll try to plug in 1

we get 14g I Since this function is continues at

X l limit should be t
we will confirm using the E 8 definition

approach 2

Given E O P T I 870 04 11284 Ifa LICE

2
new

fix E I 14 1112 111
x 1

x 11 2,471 1 11.12 341

Let's take 8 I 06 1

I 2 122 IL I

3234 L 32

I
LEF 124

12 ext I



I fix 21 1 11 2 14
1 11.1 1 11

For IX 1 E S min E E

if 0 1 1128 then

I fix LIL IX 11 G E
q For SEEFor8k

Hence It
X

t



ii

fix sin ta
We will prove limit does not exist by seq characterisation

of Limits

we observe that A new sin Itt 21in 1

and sin 311 2114 1

Xn I 9 stth
sin typ I f Xn sin

typ
I t yn

As n o Xu Yu 0 trivial

However as fan l f gu I then

we get fan I and fly 1

This is sufficient to show that f x diverges

xt sin Iz DNI


